Free vibration analysis of homogeneous and isotropic thin circular and annular plates with discrete elements such as elastic ring supports is considered. The general form of quasi--Green's function for thin circular and annular plates is obtained. The nonlinear characteristic equations are defined for thin circular and annular plates with different boundary conditions and different combinations of the core and support radius. The continuity conditions at the ring supports are omitted based on the properties of Green's function. The fundamental frequency of axisymmetric vibration has been calculated using the Newton-Raphson method and calculation software. The obtained results are compared with selected results presented in literature. The exact frequencies of vibration presented in a non-dimensional form can serve as benchmark values for researchers to validate their numerical methods when applied for uniform thin circular and annular plate problems.
Introduction
The study of vibration of a thin circular and annular plate is basic in structural mechanics. Components of circular and annular plates are commonly used in the aerospace industry and aviation as well as in marine and civil engineering applications. Circular and annular plates are the most critical structural elements in high speed rotating engineering systems. The natural frequencies of circular and annular plates have been studied extensively for more than a century, because if only the frequency of external load matches the natural frequency of the plate, destruction may occur. Additionally, the influence of elastic or rigid ring supports on dynamic behavior of plates have been studied in a lot of works, because it used to stabilize or to increase the frequency of plates. Knowledge about distribution of ring supports of variable stiffness can allow one to predict dynamic behavior of structural elements such us circular and annular plates.
The free vibration of circular and annular plates with concentric ring supports have been studied in a lot of works. Bodine (1967) studied the influence of rigid supports on the fundamental frequency of circular plates in which radius of the supports was small. Kunukkasseril and Swamidas (1974) formulated equations for circular plates with elastic supports, but they solved the free vibration problem for a free circular plate. Singh and Mirza (1976) studied free axisymmetric vibration of circular plates elastically supported along two concentric circles. Azimi (1988) studied natural vibration of circular plates with elastic and rigid supports using the receptance method. Wang and Thevendran (1993) analyzed free vibration of annular plates with concentric supports using by the Rayleigh-Ritz method. Ding (1994) solved the free vibration problem for arbitrarily shaped plates with concentric elastic and rigid ring supports. Liu and Chen (1995) studied axisymmetric vibration of annular and circular plates using simple finite analysis. In works by Vega et al. (1999) free vibration analysis was presented for a concentrically supported annular plate with a free edge using the optimized Rayleigh-Ritz method. analyzed transverse vibration of a circular plate with a free edge and concentric ring supports. Vega et al. (2000) analyzed free vibration of concentrically supported annular plates with one edge clamped or simply supported. The fundamental frequency of a free thin circular plate supported on a ring was analyzed by Wang (2001) . Influence of the stiffness and location of elastic ring supports on the fundamental frequency of circular plates were analyzed by Wang and Wang (2003) . Wang (2006 Wang ( , 2014 ) studied vibration modes of concentrically supported free circular and annular plates with movable edges. Rao and Rao (2014a) analyzed free vibration of annular plates with both edges elastically restrained and resting on the Winkler foundation. Additionally, Rao and Rao (2014b) analyzed free vibration of a thin circular plate with concentric ring and elastic edge support.
In the works presented above, the analyzed plates were separated into two regions for one ring supports. The number of separated regions increases if the number of considered elastic ring supports increases. In this approach, the solution to boundary value problem is complicated. Additionally, continuity conditions between the support and plate must be used to obtain characteristic equations. Solution to the boundary value problem is very tedious and more complicated based on continuity conditions, because characteristic matrices have a large dimension.
Application of Green's function to the solution to the boundary value problem of free vibration of plates allow one to neglect the continuity condition. In the works of Kukla and Szewczyk (2004 , 2007 Green's function approach to frequency analysis is presented for circular and annular thin plates with elastic supports. The authors calculated nontrivial constants of general solutions to the differential equation to obtain a full form of Green's function for free, simply-supported and clamped plates. The nontrivial constants have a very complicated form, and calculating them is very tedious for different boundary conditions such as sliding supports or elastic constraints.
The novelty of the paper is quasi-Green's function (not full form) approach to obtain characteristic equations of concentrically supported circular and annular plates with clamped, free, simply-supported and sliding (movable) edges or elastic constraints. The quasi-Green function is obtained by the method presented in the previous works (Żur, 2015, 2016a) . Nonlinear characteristic equations of plates are obtained without calculating nontrivial constants of the general solution to the differential equation. The numerical results of investigation are compared with selected results presented in literature. The exact fundamental frequencies of axisymmetric vibration are presented in a non-dimensional form for different combinations of the core and support radius as well as selected values of parameters of elastic constraints.
Statement of the problem
Consider an isotropic, homogeneous annular (circular) thin plate of constant thickness h in cylindrical coordinates (r, θ, z) with the z-axis along the longitudinal direction. The geometry and coordinate system of the considered plate is shown in Fig. 1 . The partial differential equation for free vibration of thin uniform annular (circular) plates has the following form
where ρ is mass density,
is Laplacian, K j is a coefficient of normalized stiffness of the supports, δ is Dirac's delta function, r j is the position of elastic ring supports, χ is the number of elastic ring supports and W (r, t) is small deflection compared with thickness h of the plate. The axisymmetric deflection of an annular (circular) plate may be expressed as follows
where w(r) is the radial mode function, ω is the natural frequency, and i 2 = −1. Substituting Eq. (2.2) into Eq. (2.1) and using the dimensionless coordinates ξ = r/R and κ j = r j /R, the governing differential equation of the annular (circular) plate is obtained
where
is the differential operator and
is the dimensionless frequency of vibration.
The boundary conditions at the outer edge (ξ = 1) of the annular (circular) plate may be one of the following: clamped, simply supported, free, sliding supports and elastic supports. These conditions may be written in terms of the radial mode function w(ξ) in the following form: -clamped
M (w) and V (w) are the normalized radial bending moment and the normalized effective shear force, respectively.
are the parameters of elastic constraints. K φ and K ψ are the rotational and translational spring constants, respectively. Similar boundary conditions may be defined at the inner edge (ξ = R 1 /R = ξ 1 ), depending on considered annular plates.
Finding quasi-Green's function
The general solution to the homogeneous differential equation for thin annular (circular) plates
is a linear combination of the Bessel functions presented in the following form (McLachlan, 1955)
where J 0 (λξ), Y 0 (λξ) are the Bessel functions of the first and second kind, I 0 (λξ), K 0 (λξ) are the modified Bessel functions of the first and second kind. The quasi-Green function K(ξ, α) is a particular solution to Eq. (3.1) and may be received from the formula presented in the following form (Jaroszewicz and Zoryj, 2005; Żur, 2015)
where p 0 (α) = 1 is a coefficient placed in front of the highest order of derivative of differential equation (3.1), and
The elements of the matrix D and W have the following form
After calculations, the function D(ξ, α) has the form
Bessel function (3.2) expresses linear independent solutions, thus the Wronskian must satisfy the condition (Stakgold and Holst, 2011)
Condition (3.9) is satisfied for a circular plate (0 < α 1) and an annular plate (0 < ξ 1 α 1). After calculations, the quasi-Green function has the form
and satisfies the conditions
according to properties of the influence functions (Stakgold and Holst, 2011).
Solution of the problem for the circular plate
In the previous paper (Żur, 2016b) , the possibility of solving the similar boundary value problem was proposed for non-uniform annular plates without calculations. Based on the paper of Żur (2016b), the limit lim ξ→0 Y 0 (λξ) = ∞, lim ξ→0 K 0 (λξ) = ∞ of linear independent solutions to Eq. (2.3) for the circular plate can be presented in the following form
and H(ξ − κ j ) is the Heaviside function.
The characteristic equations ∆ = 0 of the circular plate for different boundary conditions and different values of the parameters κ j and K j are obtained from well known characteristic determinants given by: -clamped
Solution of the problem for the annular plate
The linear independent solutions to Eq. (2.3) for the annular plate can be presented in the following form
The characteristic equations ∆ = 0 of the annular plate for different boundary conditions and different values of the parameters κ j and K j are obtained from well known characteristic determinants given by: -free outer edge and clamped inner edge
-free outer edge and simply supported inner edge
-free both edges
-free outer edge and sliding inner edge
-free inner edge and clamped outer edge
-elastic constraints at the inner edge and free outer edge
Results and discussion
The numerical results for fundamental frequencies of elastically supported circular plates are presented in Tables 1 and 2 with comparison to the results by Azimi (1988) , Ding (1994) , Wang and Wang. (2003) . The numerical results for fundamental frequencies of free vibration of free circular plates with rigid ring supports are presented in Table 3 with comparison to the results by Wang (2014) . The numerical results for fundamental frequencies of free vibration of free elastically supported annular plates with different boundary condition at the inner edge are presented in Tables 4 and 5 for different combinations of the radius of the core and supports. The fundamental frequencies of free vibration of circular plates with elastic constraints and interior ring supports of variable stiffness are presented in Table 6 . Additionally, the eigenvalues of circular plates with elastic constraints depending on radius and stiffness of interior ring supports are shown in Figs. 2 and 3 . The fundamental frequencies of free vibration of annular plates with the clamped outer edge and the free inner edge (rigid interior support) are presented in Table 7 with comparison to the results by Vega (2000) . The eigenvalues of free annular plates with elastic constraints at the inner edge and interior ring supports are presented in Table 8 for different combinations of the radius of the core and supports. 
Conclusions
In this paper, the quasi-Green function has been employed to solve natural vibration of elastically supported thin circular and annular plates with different boundary conditions. The advantage of quasi-Green's function is the obtaining of characteristic equations without calculating nontrivial constants in complicated forms. Additionally, the number of supports of circular and annular plates does not influence the dimension of characteristic matrices, because the continuity conditions can be neglected. In the presented approach, the solution to the boundary value problem is much simpler. The quasi-Green function approach can be used to the frequency analysis of plates and beams with other discrete elements such as an additional mass or a mass on the spring. The exact frequencies of vibration presented in a non-dimensional form can serve as benchmark values for researchers to validate their numerical methods applied in similar problems presented in the paper.
